Abstract. We define a new invariant in the homology of a differential graded algebra. This invariant is the obstruction to defining a fourfold Massey product.
Introduction
Massey products and Toda brackets are an essential tool for a detailed understanding of the cohomology of the Steenrod algebra and stable homotopy groups of spheres (see, for example, [7] [2] [1] ). The standard references on Massey products, such as [5] [6] , typically assume that brackets are strictly defined, i.e., that the subbrackets have no indeterminacy. We have found in our own work on motivic stable homotopy groups [3] [4] that strictly defined brackets are not always general enough.
This note addresses a subtlety with the definition of fourfold Massey products, which arises when both of the threefold subbrackets have indeterminacy. We will define a new invariant (see Definition 3.1) of the homology of a differential graded algebra. Our main result (see Theorem 3.4) is that this invariant is the obstruction to defining a fourfold bracket whose threefold subbrackets contain zero.
We work with a differential graded F 2 -algebra A whose homology is H. The reader who is interested in other characteristics can insert appropriate signs. We suppress the grading of A because it plays no essential role here. In general, A need not be commutative.
The symbols a i always represent cycles, and the products a i a i+1 are always assumed to be boundaries. In other words, all threefold brackets are assumed to be defined. For any cycle x in A, we write x for the element of H that is represented by x. Lemma 2.1. Suppose that both a 0 , a 1 , a 2 and a 1 , a 2 , a 3 contain zero, and at least one of the brackets is strictly zero. Then a 0 , a 1 , a 2 , a 3 is defined.
The problem
Proof. Suppose that a 0 , a 1 , a 2 is strictly zero. Choose a 12 and a 23 such that a 1 a 23 + a 12 a 3 is a boundary. Then any choice of a 01 makes a 0 a 12 + a 01 a 2 into a boundary, since a 0 , a 1 , a 2 is strictly zero.
The same argument applies when a 1 , a 2 , a 3 is strictly zero.
If both a 0 , a 1 , a 2 and a 1 , a 2 , a 3 have indeterminacies, it may be impossible to choose a 01 , a 12 , and a 23 such that both a 0 a 12 + a 01 a 2 and a 1 a 23 + a 12 a 3 are boundaries simultaneously. The problem is that there are two constraints on a 12 , and it may not be possible to satisfy both constraints.
Coindeterminacy
Suppose that a 0 , a 1 , a 2 and a 1 , a 2 , a 3 both contain zero, but both may possibly have non-zero indeterminacy.
Definition 3.1. The coindeterminacy of the brackets a 0 , a 1 , a 2 and a 1 , a 2 , a 3 is the subset of H consisting of all elements of the form x + y, where x ranges over all elements of A such that d(x) = a 1 a 2 and a 0 x + za 2 is a boundary for some z with d(z) = a 0 a 1 ; and y ranges over all elements of A such that d(y) = a 1 a 2 and a 1 w + ya 3 is a boundary for some w with d(w) = a 2 a 3 .
In other words, x ranges over all possible choices of a 12 that can be used to construct zero in a 0 , a 1 , a 2 . Similarly, y ranges over all possible choices of a 12 that can be used to construct zero in a 1 , a 2 , a 3 .
The careful reader can verify that the coindeterminacy is well-defined in H, i.e., and a ′ 1 , a ′ 2 , a ′ 3 is the same as the coindeterminacy of a 0 , a 1 , a 2 and a 1 , a 2 , a 3 . Definition 3.2. Let a and b be elements of H. Then (a\\b) is the additive subgroup of H consisting of all elements x such that ax = zb for some z in H, and (a//b) is the additive subgroup of H consisting of all elements x such that az = xb for some z in H. Lemma 3.3. The coindeterminacy of a 0 , a 1 , a 2 and a 1 , a 2 , a 3 is a coset with respect to (a 0 \\a 2 ) + (a 1 //a 3 ).
One possible name for (a 0 \\a 2 ) + (a 1 //a 3 ) is the "indeterminacy of the coindeterminacy".
Proof. Let x + y and x ′ + y ′ represent elements of the coindeterminacy. We will consider (x + y) + (x ′ + y ′ ) = (x + x ′ ) + (y + y ′ ). The element x + x ′ is a cycle. There exist elements z and z ′ such that a 0 x + za 2 and a 0 x ′ + z ′ a 2 are boundaries. Therefore, a 0 (x + x ′ ) is homologous to (z + z ′ )a 2 . This shows that x + x ′ belongs to (a 0 \\a 2 ). Similarly, y + y ′ belongs to (a 1 //a 3 ).
On the other hand, let x + y be an element of the coindeterminacy, and let c be an element of (a 0 \\a 2 ). Choose a cycle e such that a 0 c = ea 2 . There exists z in A such that a 0 x + za 2 is a boundary. Then a 0 (x + c) + (z + e)a 2 is also a boundary. This shows that (x + c) + y also belongs to the coindeterminacy. Similarly, if c in an element of (a 1 //a 3 ), then x + (y + c) also belongs to the coindeterminacy. Suppose that a 0 , a 1 , a 2 and a 1 , a 2 , a 3 both contain zero but possibly have non-zero indeterminacy. The fourfold bracket a 0 , a 1 , a 2 , a 3 is defined if  and only if zero is contained in the coindeterminacy of a 0 , a 1 , a 2 and a 1 , a 2 , a 3 .
Proof. Suppose that a 0 , a 1 , a 2 , a 3 is defined. There are elements a 01 , a 12 , and a 23  such that a 0 a 12 + a 01 a 2 and a 1 a 23 + a 12 a 3 are boundaries. Then 0 = a 12 + a 12 is an element of the coindeterminacy.
Suppose that zero belongs to the coindeterminacy. In the notation from Definition 3.1, we have x = y. Let a 01 , a 12 , and a 23 be z, x, and w respectively.
An Example
Definition 4.1. Let A be the differential graded algebra whose underlying algebra is a commutative polynomial algebra on the generators listed in the Note that the indeterminacy of the subbracket a 0 , a 1 , a 2 contains a 0 c, and the indeterminacy of the subbracket a 1 , a 2 , a 3 contains ca 3 . Nevertheless, the fourfold bracket a 0 , a 1 , a 2 , a 3 is defined because the coindeterminacy contains zero.
Definition 4.2. Let A
′ be the differential graded algebra whose underlying algebra is the same as the underlying algebra of A. The differential on A ′ is the same as on A, except that d(a 13 ) = a 1 a 23 + (a 12 + c)a 3 .
The homologies of A and of A ′ are quite similar. They are isomorphic as rings, and they share the same threefold Massey product structure. However, the bracket a 0 , a 1 , a 2 , a 3 is not well-defined in the homology of A ′ because the coindeterminacy is a non-zero coset of c = a 12 + (a 12 + c).
Therefore, coindeterminacy detects that A and A ′ are not weakly equivalent differential graded algebras.
Next steps
We leave unanswered a number of interesting and accessible problems. (1) A fourfold bracket that is not defined because its coindeterminacy does not contain zero. (2) A fourfold bracket that is defined because the coindeterminacy contains zero, even though both threefold brackets have non-zero indeterminacy.
Problem 5.2. Extend these ideas to higher order Massey products. (1) A fourfold bracket that is not defined because its coindeterminacy does not contain zero. (2) A fourfold bracket that is defined because the coindeterminacy contains zero, even though both threefold brackets have non-zero indeterminacy.
Problem 5.5. Reinterpret coindeterminacy in terms of the existence or nonexistence of certain 5-cell complexes.
Problem 5.6. Extend these ideas to higher order Toda brackets.
